We develop a three dimensional compartmental model to investigate the impact of media coverage to the spread and control of infectious diseases (such as SARS) in a given region/area. Stability analysis of the model shows that the disease-free equilibrium is globally-asymptotically stable if a certain threshold quantity, the basic reproduction number (R 0 ), is less than unity. On the other hand, if R 0 > 1, it is shown that a unique endemic equilibrium appears and a Hopf bifurcation can occur which causes oscillatory phenomena. The model may have up to three positive equilibria. Numerical simulations suggest that when R 0 > 1 and the media impact is stronger enough, the model exhibits multiple positive equilibria which poses challenge to the prediction and control of the outbreaks of infectious diseases.
INTRODUCTION
In recent years, attempts have been made to develop realistic mathematical models for the transmission dynamics of infectious diseases. In modelling of communicable diseases, the incidence function has been considered to play a key role in ensuring that the models indeed give reasonable qualitative description of the transmission dynamics of the diseases [3, 9] . Some factors, such as media coverage, density of population and life style, may affect the incidence rate directly or indirectly.
In the classical endemic models, the incidence rate is assumed to be mass action incidence with bilinear interactions given by βSI , where β is the probability of transmission per contact (a positive constant), and S and I represent the susceptible and infected populations, respectively. However, there are several reasons for using non-linear incidence rates such as saturating and nearly bilinear. For instance, Yorke and London [20] showed that the incidence rate β(1 − cI )I S with positive C and time dependent β is consistent with the results of the simulations for measles outbreaks. In order to avoid the unboundedness of the contact rate, Capasso and Serio [4] used a saturated incidence function of the form βSI 1+βδI , δ > 0. To incorporate the effect of the behavioral changes of the susceptible individuals, Liu and coworkers [10, 11] used a non-linear incidence rate given by kI l S 1+αI h with k, l, α, h > 0. Ruan and Wang, [14] showed that endemic models with such non-linear incidence rates exhibit various bifurcations include Hopf, homoclinic, and even Bogdanov-Takens bifurcations. There have been many models using variety of different non-linear incidence functions to study the disease transmission, we refer the reader to Levin et al. [9] for a more detailed summarization.
The aim of this paper is to investigate the impact of media coverage to the spread and control of infectious diseases in a given region. In [12] , the authors consider a model with the compartments of exposed (E), infectious (I) and hospitalized (H) individuals to explore the possible mechanism for multiple outbreaks of emerging infectious diseases due to the psychological impact of the reported numbers of infectious and hospitalized individuals. The model was simplified by assuming that the total population size remain a constant. In this paper, we extend the classical SEI model and the ideas in [12] to consider a new incidence functional which reflects the impact of the media coverage to the spreading and control of the disease.
This study was also originated from the observation of the spread of SARS coronavirus in Asia and some other regions of the world. SARS [7, 15, 19] as a new emerging infection disease, it was first appeared in Guangdong province, China in November, 2002. Then in the following year the SARS coronavirus spread rapidly throughout Asia and certain other part of the world [16, 18] . For SARS in the cities of Beijing, Hongkong and Toronto, the spreading and outbreaks all experienced a typical process for people to see how the media coverage and the public alerting plays a role in the whole course of the spreading. For the case in Beijing, it was not clear of the existence and type of such disease until April 21, 2003 [16] . During this period, more susceptible individuals might have been exposed to and infected with the disease unconsciously due to the luck of knowledge of the disease. This fact suggests us to consider the following question: How does the media coverage affect the spreading and control of the infectious diseases like SARS?
The media coverage is obviously not the most important factor responsible for the transmission of the infectious disease, but it is a very important issue which has to be taken care of seriously. In the case of a large number of infected cases, on one hand, the media coverage may cause the panic of the society, while on the other hand, it can certainly reduce the opportunity and probability of contact transmission among the alerted susceptible populations, which in turn helps to control and prevent the disease from further spreading.
In this paper, we use a compartmental model to address the impact of media coverage on the transmission of infectious diseases. In the SEI model, the incidence rate is assumed to be in the form µe −mI . This paper is organized as follows. In Section 2 we develop a SEI model to incorporate the media impact to the spreading of the infectious diseases such as SARS. We calculate the reproduction number in Section 3 and prove the local and global stability of the disease free equilibrium. The model in general can have up to three positive equilibria, we shall restrict ourselves to the case when the media impact is small enough that there exists at most one endemic equilibrium. In Section 5 we shall study the local and global stability of the unique endemic equilibrium when the reproduction number R 0 > 1 and m is small. We also study the Hopf bifurcation of the endemic equilibrium when the reproduction number is larger enough. The paper ends with a brief discussion of the results on the impact of media and related control and prediction issues.
A SEI MODEL WITH MEDIA IMPACT
Consider the transmission of certain infectious disease (such as SARS) in a given region/area. We classify the population into the following categories:
• S(t), the number of susceptible individuals;
• E(t), the number of individuals exposed to the infected but not infectious; • I (t), the infected who are infectious.
We assume that the infectious individuals I receive medical treatment in hospital settings as soon as they are identified from the category of exposed. Once they are recovered, they no longer impose risk to the susceptible individuals. In most of the studies, the compartmental models were built by either assuming the total population to be a constant or satisfy exponential growth [1, 2, 5, 8] . It is more reasonable to assume that the population of a given region obey the Logistic growth. Then we have the model
where all the parameters are positive, and
• b, the intrinsic growth rate of the human population, K is the carrying capacity for the human population of a given region/area.
• β(I ) = µe −mI is the contact and transmission term, it measures the spreading of the virus from the infected to the susceptible individual. If m = 0, the transmission rate is a constant. Naturally the contact transmission rate is not only related to the spreading ability of the virus or disease, but also closely related to the alertness to the disease of each susceptible individual of the population.
Here we use the parameter m > 0 to reflect the impact of media coverage to the contact transmission. Since the media coverage and alertness are not the intrinsic deterministic factor responsible for the transmission, hence it is reasonable to assume that m > 0 is a small parameter. Also for simplicity, the mass action law is assumed in the model [8] . As one can see that if m > 0 but comparatively small enough, this incidence term β(I ) is close to the constant µ. Also as m > 0 increases or the media coverage and the alertness to the public is comprehensive and in time, the general public will be more alert and aware of the virus/diseases. Hence the transmission rate will be decreasing as I increases.
• c is the rate per unit time (day) that infected individuals become infectious.
• d is natural death rate for the susceptible population.
• γ is the removed rate from the infected compartment, which include the recovery rate of the hospitalized infectious individuals and natural death. Hence we have γ > d.
Model (2.1) involves the interaction of both the population dynamics of logistic type and the transmission dynamics of disease epidemiology. Hence the dynamics of the system (2.1) can be very complicated. In this paper, we are going to study the impact of the media coverage/alert to the spreading of the disease by assuming that m > 0 is small. We will show that if the media coverage fails to report the real situation of disease to alert and educate the public, then there will be an outbreak or even multiple outbreaks of such a disease.
DISEASE FREE EQUILIBRIUM (DFE), STABILITY AND REPRODUCTION NUMBER
Let the right hand side of (2.1) be zero, one can verify that the origin
The model (2.1) has one disease free equilibrium (DFE) at E 10 = (K, 0, 0). The local stability of E 10 can be obtained through a straightforward calculation for the eigenvalues.
It follows from [17] that for the compartmental models, the local stability of the disease free equilibrium is governed by the reproduction number of the model. Using the notations in [17] , we have two vectors F and V to represent the new infection term and remaining transfer terms, respectively:
The infected compartments are E and I , hence a straightforward calculation gives
where F is non-negative and V is a non-singular M-matrix, therefore F V −1 is non-negative, and
Hence the reproduction number is given by ρ(F V −1 ), and
It follows from [17] that we have Proposition 3.1. For the model (2.1), the disease free equilibrium E 10 is locally asymptotically stable if R 0 < 1, and unstable if R 0 > 1.
Note that for the characteristic equation of (2.1) at E 10
it follows from the Routh-Hurwitz criteria [13] that all the eigenvalues have negative real parts if and only if R 0 < 1.
Theorem 3.2.
For the model (2.1), the disease free equilibrium E 10 is globally asymptotically stable whenever R 0 < 1.
Then we have
Now we consider
System (3.8) has a unique equilibrium (0, 0) and the corresponding eigenvalues are determined by
For ε > 0 sufficiently small, since
Thus all the eigenvalues of (3.9) have negative real parts. Hence (0, 0) is locally asymptotically stable. Since
We first prove that D is positively invariant. By (2.1), for (S, E, I ) ∈ D we
S(t) = K, and S(t) ≤ K. Note that if we let N(t) = S(t) + E(t) + I (t), then
Hence D is positively invariant. Therefore, (0, 0) is globally asymptotically stable for (3.8). Consequently, for system (3.7) there holds
Then for the above ε > 0, there exists T >0 such that for all t >T , I (t) < ε. By (2.1), we have
Note that for ε > 0 sufficiently small,
thus we have
It follows from (3.6) and (3.10) that we have
Hence E 10 is the globally asymptotically stable equilibrium of (2.1).
EXISTENCE OF THE ENDEMIC EQUILIBRIUM (EE)
First note that if m = 0, i.e., if the media impact is not considered, one can verify that when R 0 > 1, system (2.1) has a unique endemic equilibrium (EE) (S * 0 , E * 0 , I * 0 ) where
But if the media and psychological impact are incorporated, system (2.1) can have up to three equilibria. Let where using the expression of g(I ) in (4.2) was used, h(I ) can be simplified to
Then if a positive equilibrium, an endemic equilibrium exists, its (S, I ) coordinates must satisfy 6) and the E coordinate is given by E = and S = h(I ) have at least one positive intersection which gives at least one endemic equilibrium. As shown in Fig. 1(a)-(c) , the two planar curves S = g(I ) and S = h(I ) can have up to three intersections in the SI -plane. Now we develop conditions to decide the tangency of the two curves in order to determine the number of positive equilibria. If the two curves 
S = g(I )
and S = h(I ) are tangent at some positive points, we must have
(4.7)
Eliminating the exponential terms in (4.7), if the two curves are tangent, the I coordinate must satisfy the quadratic equation
It follows from (4.7) and (4.8) that if the tangency occurs at some point, its I coordinate must satisfy mI > 1. By the above proposition, if m = m 0 , the model can have a more degenerate endemic equilibrium with multiplicity three (both the eigenvalues are zero), and model can have a Bogdanov-Takens bifurcation of codimension two, even codimension three [6, 21] . The study of the Bogdanov-Takens bifurcations is certainly out of the scope of this paper.
STABILITY AND HOPF BIFURCATION OF THE ENDEMIC EQUILIBRIUM (EE)
In this section, we shall study the stability and Hopf bifurcation of the endemic equilibria and determine how the media impact can influence the periods of the oscillations of virus/disease transmission.
m = 0
When m = 0, model (2.1) has a unique endemic equilibrium (S * 0 , E * 0 , I * 0 ). A straightforward calculation yields the associate characteristic equation:
Obviously, for any positive parameters we have R H 0 > 1. Next proposition is about the local stability of the equilibrium (S * 0 , E * 0 , I * 0 ).
Proposition 5.1. For the model (2.1) with m = 0, the endemic equilibrium (S
Proof. To prove, we only need to show that all roots of the characteristic equation (5.1) have negative real parts.
Since R 0 > 1, all the coefficients of the cubic polynomial (5.1) are positive.
If we also have R 0 < R H 0 , then we have
It follows from the Routh-Hurwitz criteria [13] that all eigenvalues of (5.1) have negative real parts, hence (S * 0 , E * 0 , I * 0 ) is locally asymptotically stable if 1 < R 0 < R H 0 .
From (3.4) one can see that the reproduction number is linearly dependent on the parameter µ, hence solving R 0 = R H 0 in terms of µ, one gets a threshold condition on the parameter µ for the endemic equilibrium to be locally asymptotically stable:
Hence it follows from Proposition 5.1 that if µ < µ H 0 , then the endemic equilibrium is locally asymptotically stable. 
Proof. First note that if
then one can verify that equation (5.1) has a negative root and a pair of purely imaginary roots λ = ±ω 0 i, where
For the the characteristic equation (5.1), we consider the characteristic root λ as a function of R 0 or a function of µ. Differentiating equation (5.1) with respect to µ, we get
This gives dλ dµ
.
Therefore, as µ > 0 increases, the real part of a pair of characteristic roots changes from negative to positive through zero, the transversality condition holds. Hence, the model with m = 0 undergoes an Hopf bifurcation when R 0 = R H 0 . This completes the proof.
m is Sufficiently Small
When R 0 > 1 and 0 ≤ m < m 0 , the model (2.1) has a unique endemic equilibrium (S * , E * , I * ). Evaluating the Jacobian of (2.1) at the equilibrium gives
The characteristic equation about (S * , E * , I * ) is given by
where
Since we do not have a closed form for the endemic equilibrium, it is not easy to study the bifurcations analytically for the general case of m. We are going to use the fact that m > 0 is small to study the Hopf bifurcation of the endemic equilibrium. The coordinates of the endemic equilibrium (S * , E * , I * ) are smooth functions of m. When m > 0 is sufficiently small, or if 0 < m < m 0 , we can expand the coordinates for the unique endemic equilibrium (S * , E * , I * ) as
where particularly, by (4.4) we have
Note that the cubic polynomial (5.5) reduces to (5.1) when m = 0. Similar to the case of m = 0 in the above subsection, we will now study how the media coverage has an impact on the dynamics of the disease transmission by the method of perturbation.
It is not difficult to verify that (5.5) has a pair of purely imaginary roots if and only if a 1 a 2 = a 0 . Let
If H = 0, the endemic equilibrium has a pair of purely imaginary roots. Using the expressions in (5.6), (5.7) and (5.8), one can verify that H = 0 is equivalent to H (m, R 0 ) = 0, where
Note that when H (m, R 0 ) = 0, the endemic equilibrium has a pair of purely imaginary eigenvalues λ = ±ωi, where 12) where R H 0 is defined as in (5.2) and Proof. When R 0 > 1, consider the characteristic equation for the equilibrium (S * , E * , I * ) in (5.5). Obviously, a 2 > 0. We need to prove a 0 > 0 and a 2 a 1 − a 0 > 0 in order to use Routh-Hurwitz criteria [13] to conclude.
By (5.8), we have for m > 0 small that
Then it follows from Routh-Hurwitz criteria [13] that all eigenvalues of (5.5) have negative real parts. Hence E 2 is locally-asymptotically stable when 1 < R 0 < R 0 (m) and m > 0 is sufficiently small. Differentiating Eq.(5.5) with respect µ, we get
Recall that when R 0 = R 0 (m), or equivalently when 
Note that
so we get
. 
Therefore, the transversality condition holds and hence a Hopf bifurcation occurs when R 0 = R 0 (m) and m is small.
Numerical Simulations
For the purpose of simulations, here we fix some of the parameters in Table I and shall consider the cases when γ and m are varied.
First we consider the case when the disease transmission is mild with a lower reproduction number. In the case when γ = 0.05 and all other parameters as in Table I , we have R 0 = 1.188. As shown in Fig. 2(a) , (b), the transmission of the disease experiences multiple peaks without the media alert, the thin curve represents the case when m = 0, the application of media was not considered. The other two thicker curves represent the cases when m = 0.000001 and m = 0.000006, respectively. As shown in Table II , if γ = 0.05, we have R 0 = 1.188 and R H 0 = 5.52. For all the cases, the endemic equilibrium is a spiral sink which is local asymptotically stable. The population in each compartment approaches its equilibrium value. From the simulation results in Fig. 2 , one can see that the effective media coverage (larger values of m) stabilizes the oscillation, and less number of the individuals become infected in the course of transmission. The media impact to the transmission is also simulated in Fig. 3(a) , (b) where γ is reduced to 0.02, with all other parameters are given in Table I .
DISCUSSION

Multiple Peaks of the Transmission and the Media Impact
We knew that when m = 0, the Hopf bifurcation occurs and a periodic solution appears. When the media impact is not considered, if R 0 > 1 and close to R H 0 , the disease will be endemic with multiple peaks. The time between between the two peaks can be approximated by
But when the media coverage/alert is introduced, or when 0 < m < m 0 is sufficiently small, if there are multiple peaks, the time between each of the two peaks can be approximated by
. This shows that the media alert shortens the time of the secondary peak of the disease transmission. This effect is also verified by the simulations in Fig. 3 (a), (b) . 
The Media Coverage/Alert and the Endemic State
Note that whenever R 0 > 1, an endemic equilibrium appears and its coordinates (S * , E * , I * ) are given by
